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Abstract 

Suppose that a compact quantum group Q acts faithfully on the com- 
$H ' mutative C* algebra of continuous functions on G/T, where G is a com- 

pact, semisimple, centre-less, connected Lie group of simply-laced type, 
i.e. A,D or E types, with a maximal torus T, Lie algebra Q and a regular 
element H , and assume also that the action is linear in the sense that it 
leaves invariant the space {f\, X £ Q'}, f\(g) ■= X(Ad g (H)). It is proved 
that Q must be commutative, i.e. of the form C(K) for some compact 
group K. As a corollary, it is also shown that any compact quantum 
group having a faithful action on the noncommutative manifold obtained 
by Rieffel deformation of G/T satisfying a similar 'linarity' condition must 
be a Rieffel- Wang type deformation of some classical group. 

1 Introduction 

It is indeed a very important and interesting problem in the theory quantum 
groups and noncommutative geometry to study 'quantum symmetries' of var- 
ious classical and quantum structures. Initiated by S. Wang who defined and 
studied quantum permutation groups of finite sets and quantum automorphism 
groups of finite dimensional algebras, such questions were taken up by a number 
of mathematicians including Banica, Bichon, and more recently by Goswami, 
Bhowmick and Skalski (see [T], [2J, [T7], [5], [3], [5] and also references therein). 
Although there are many genuine (i.e. not of the form C(G) for some group 
G) compact quantum groups which can faithfully act on the space of functions 
on finite sets, and these also give such actions on C(X) for disconnected spaces 
with at least 4 components, no example of faithful action of a genuine compact 
quantum group on C(X) for a connected compact space X was known until 
recently, when H. Huang gave a systematic way to construct examples 

of such action of the quantum permutation groups. The work of Huang thus 
disproved a conjecture made by the author of the present paper about non- 
existence of faithful actions of genuine compact quantum groups on classical 
connected spaces. 

However, it is interesting to observe that none of the examples constructed 
by Huang are smooth manifolds. On the other hand, it follows from the work 
of Banica et al ([5]) that most of known compact quantum groups, including 
the quantum permutation groups of Wang, can never act faithfully and isomet- 
rically on a connected compact Ricmannian manifold. All these motivate us to 
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modify the original conjecture to the following: 

Conjecture: It is not possible to have smooth faithful actions of genuine com- 
pact quantum groups on C(M) when M is a compact connected smooth mani- 
fold. 

In this article, we provide some supporting evidence to this conjecture, by 
proving non-existence of nice (in some suitable sense to be described later) action 
of any genuine compact quantum group on a large class of classical connected 
manifolds which are homogeneous spaces of semisimple compact connected Lie 
groups. Using this, we also prove that any compact quantum group acting 
faithfully and 'linearly' in a certain sense on Rieffel-type deformation of C(M) 
must be a Ricffcl-Wang type deformation of C(K) for some classical group K 
acting on M. 

Let us conclude this section with a brief remark on the physical relevance of 
the above conjecture. The truth of the conjecture will have two implications: 
firstly, it implies that for a classical system with phase-space modelled on a 
compact connected manifold, the generalized notion of symmetries in terms of 
quantum groups coincides with the conventional notion, i.e. symmetries coming 
from group actions. This gives some kind of consistency of the philosophy of 
thinking quantum group actions as symmetries. Secondly, it also allows us to 
describe all the (quantum) symmetries of a physical model obtained by suitable 
deformation (at least for the Rieffel-type deformations) of a classical model with 
connected compact phase space, showing that such quantum symmetries are 
indeed deformations of the classical (group) symmetries of the original classical 
model. 

2 Preliminaries on quantum groups and their 
actions 

2.1 Basics of compact quantum groups 

A compact quantum group (CQG for short) is a unital C* algebra S with a 
coassociative coproduct (see [19]) A from S to S®S (injective tensor product) 
such that each of the linear spans of A (S) (S <g> 1) and that of A(<S)(1 ® S) is 
norm-dense in S ® S. From this condition, one can obtain a canonical dense 
unital *-subalgebra Sq of S on which linear maps k and e (called the antipode 
and the counit respectively) making the above subalgebra a Hopf * algebra. In 
fact, we shall always choose this dense Hopf *-algebra to be the algebra gener- 
ated by the 'matrix coefficients' of the (finite dimensional) irreducible unitary 
representations (to be defined shortly) of the CQG. The antipode is an anti- 
homomorphism and also satisfies n(a*) = (n^ 1 (a))* for a G Sq. 

It is known that there is a unique state h on a CQG S (called the Haar state) 
which is bi invariant in the sense that (id <g) h) o A(a) = (h Cg> id) o A(a) = h(a)l 
for all a. The Haar state need not be faithful in general, though it is always 
faithful on Sq at least. 

We say that a CQG S (with a coproduct A) (co)acts on a unital C* algebra 
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C if there is a unital C*-homomorphism /3 : C — > C £g> S such that Span{/3(C)(1 eg) 
<S)} is norm-dense in C <g> >S, and it satisfies the coassociativity condition, i.e. 
(/3 (g> id) o /3 = (id ® A) o /3. ft has been shown in [T3] that there is a unital dense 
*-subalgebra Co of C such that (3 maps Co into Co (g> a i g So (where So is the dense 
Hopf *-algebra mentioned before) and we also have (id£g)e)o/3 = id on Co- fn fact, 
this subalgebra Co comes from the canonical decomposition of C into subspaces 
on each of which the action (3 is equivalent to an irreducible representation. 
More precisely, Co is the algebraic direct sum of finite dimensional vector spaces 
Cf, say, where i runs over some index set Ji, and n runs over some subset (say 
T) of the set of (inequivalent) irreducible unitary representations of S, and the 
restriction of (3 to Cf is equivalent to the representation tt. Let {a"p l \j — 
1, ...,tf,r} (where d„ is the dimension of the representation tt) be a basis of 

such that Pfaj*' 1 ') — J2k a ^k'^ ® *Jfc' f° r elements £J fc of Sq. The elements 
{tj k , 7T g T; j, fc = 1, c^} are called the 'matrix coefficients' of the action (3. 

We say that the action (3 is faithful if the *-subalgebra of S generated by 
elements of the form (u> (g> id)(/3(a)), where a E C, w being a bounded linear 
functional on C, is norm-dense in S, or, equivalently, the *-algebra generated by 
the matrix coefficients is norm-dense in S. 

A unitary representation of a CQG (S, A) in a Hilbert space H is given 
by a complex linear map [/ from the Hilbert space % to the Hilbert 5-module 
% (g> iS, which is isometric in the sense that (Z7£, Urf)s = (£,, ?/) for all e M 
(where (-,-),s denotes the 5-valued inner product) and the 5-linear span of 
the range of U is dense in % E S. There is an equivalent description of the 
unitary representation given by the 5-linear unitary U E C{T-L ® S) defined by 
U{£ ®b) = U(C)b, for £eH,beS, satisfying (id <g> A)(U) = U 12 U 13 . Here, U l] 
is the standard leg-numbering notation used in the theory of quantum groups, 
i.e. U 12 = U ® Id^ and U 13 :— CT23 U 12 o <r 2 3, &23 being the map which flips 
the second and third tensor components of T~L ® S ® S. We also recall that a 
unitary representation U is irreducible if there is no nontrivial closed subspace 
/C of H which is invariant under U, i.e. UK. C /C (gi S. 

3 Quadratic independence and nonexistence of 
genuine quantum group action 

3.1 Quadratic independence 

Let V be a finite dimensional subspace of a (possibly infinite dimensional) com- 
mutative algebra over any field. Let denote the linear span of elements of 
the form vv' , with v, v' E V. We call the dimension of the quadratic dimen- 
sion of V and call V to be quadratically independent if its quadratic dimension 
equals " , where n — dim(V). 

Lemma 3.1 The following are equivalent: 
(i) V is quqdratically independent. 
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(ii) For every basis {x\, ...,x n } ofV, the set {xiXj, 1 < i < j < n} is linearly 
independent. 

Proof: 

It is clear that (ii) implies (i) . To prove the other way, observe that for any basis 
{x\, x n } of V, the set E = {xiXj,i < j < n} spans V^ 2 \ hence a subset of 
E will give a basis of V^. But E has cardinality not greater than n(n + l)/2, 
which is by (i) the dimension of V^ 2 K Therefore, E must be a basis itself. □ 

We remark that if the underlying field is R, then quadratic independence of 
V is clearly equivalent to the quadratic independence of the complexification 
V C , as (V^) c ^ (V C )^ . 

Lemma 3.2 If V\, ...,Vk are quadratically independent subspaces of commuta- 
tive unital algebras A\,...,Ak respectively, then V = V± + ... + Vk, where Vi 
denotes the natural imnedding of Vi in A = A\ ® A2 <8> ■ ■ • <S> Ak by putting 1 in 
tensor components other than the i-th, is quadratically independent in A. 

Proof: 

The proof is a simple dimension count. Indeed, let rm = dim(Vi). By quadratic 

independence, dim(V^) = ^miirrii + 1). Now, 1 of A4 does not belong to Vj, 

as that would imply quadratic dependence, and so it is easy to see that V^ 2 ' is 

(2) 

isomorphic with a direct sum of V^ s and Vi ® Vj for i < j. Now, the lemma 
follows from the simple observation that (J2 i ^m,i(mi + 1)) + J2i<j m i r nj = 
^m(m + 1), where m = mi + ...m^ = dim(V). □ 

3.2 Implication of quadratic independence for quantum 
group action 

Theorem 3.3 Let A be a unital commutative C* algebra and x\, x n be self- 
adjoint elements of A such that Spanjxi, x n } is quadratically independent 
and A is the unital C* algebra generated by {x±, x n }. Let Q be a compact 
quantum group acting faithfully on A, such that the action maps Span{iri, x n } 
into itself. Then Q must be commutative as a C* algebra, i.e. Q = C(G) for 
some compact group G. 

Proof: 

The arguments are essentially same as in the proof of Theorem 2.2 of [4], which 
we repeat for completeness. Let us denote the action of Q by a. Let A = C(X) 
for some compact Hausdorff space X, and fix any faithful (i.e. with full support) 
Borel probabilty measure fi on X, and denote by cj)^ the corresponding state 
on A. Assume, without loss of generality (by passing to the reduced quantum 
group of Q if necessary) that Q has a faithful haar state h, and consider the 
convolved state <f>^ = (</> M ®h)oa on A which is a faithful Q-invariant state. Let 
/I and H be the corresponding Borel measure and the L 2 -space respectively, with 
the inner product < ■, ■ >~^~ ■ As A is commutative and Xi are self-adjoint, so are 
XiXj for all and hence the inner product < Xi,Xj >~z~ 's are real numbers. 
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Thus, Gram-Schmidt orthogonalization on {x\, ...x n } will give an orthonormal 
(w.r.t. < •,• >— ) set {t/i, y n } consisting of self-adjoint elements, with the 
same span as Spanj^i, x n }. Replacing Xi's by j/^'s, let us assume for the rest 
of the proof that {x\, ...,x n } is an orthonormal set. 

Since x* — Xi for each i and a is a *-homomorphism, we must have Q*j = 
Qij Vi,j = 1,2, ...,n. 

The condition that Xi,xj commute Vi,j gives 

QijQkj = QkjQijVhj,k, (1) 

QikQji + QuQjk = QjkQu + QjiQik- (2) 

Now, it follows from the proof of Lemma 2.12 in [9] that a : C(X) (g> Q — > 
C(X) ig) Q defined by &(A ig) B) = a(A)(l ® B) extends to a unitary of the 
Hilbcrt Q- module L 2 (X,]T) (§5 Q (or in other words, a extends to a unitary 
representation of Q on L 2 {X ,~p)) . But a keeps V = Spjxi, X2, x n } invariant. 
So a is a unitary representation of Q on V, i.e. Q = ((Qij)) G M n (Q) is a 
unitary, hence Q^ 1 = Q* = Q T := ((Qji)), since in this case entries of Q are 
self-adjoint elements. 

Clearly, the matrix Q is an n-dimensional unitary representation of Q. Recall 
that ( c.f. T2| ) the antipode k on the matrix elements of a finite-dimensional 
unitary representation U a = (u") is given by n(Up q ) = (u^ p )* . 

So we obtain 

<Qij) = Q^ 1 = Qij = Qji- (3) 

Now from ( Q] ) , we have QijQkj = QkjQij- Applying k on this equation 
and using the fact that n is an antihomomorphism along with ( [3] ) , we have 
QjkQji = QjiQjk Similarly , applying /ton(|), we get 

QijQki + QkjQu = QuQkj + QkiQij Vi, j, fc, /. 

Interchanging between k and i and also between i,j gives 

QjiQik + QiiQjk = QjkQii + QtkQji Vi, j, fc, L (4) 
Now, by (H)-(Sl) , we have 

[QikiQjl] — [QjhQik], 

hence 

[Qik, Qji] = 0. 

Therefore the entries of the matrix Q commute among themselves. However, 
by faithfulness of the action of Q, it is clear that the C*-subalgebra generated 
by entries of Q must be the same as Q, so Q is commutative. □ 
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4 Main results 



4.1 Nonexistence of nice quantum actions on C(G/K) 

Let G be a compact, simple, connected Lie group with trivial centre, and let Q 
be its Lie algebra. Consider the complexihcation Qc of Q, and the correspond- 
ing simple Lie group Gc, which has the (complex) Lie algebra Qc- Moreover, 
assume that Qc is simply laced, i.e. of types A,D or E. Suppose that Q has rank 
n, {Hi, ...,H n } is a set of regular generators of a maximal Cartan subalgebra 
with the corresponding maximal torus T, and ((<%■)) is the Cartan matrix, with 
an = 2, dij < for i ^ j. From the general structure theory of semisimple 
Lie algebras, Qc is generated (as Lie algebra) by {E i7 Fj, : i = 1,2,..., n}, 
satisfying the following relations: 

[Ei,Fi] = Hi, [Ej,Hi\ = —ctijEj, [Fj,Hi] = aijFj, 

[E i ,F j ]=0Vi^j, [H i ,H j ] = 0Vi,j, 

ad 1 E i ati {E j ) = 0, ad 1 -^ (Fj) = 0, i^j. 

Thus, a spanning set (as vector space) of the Lie algebra Qc consists of Ei,Fi,Hi, 
i = 1, n, and those elements of the form ad^ 1 ...ad^.* (Ei k+1 ), ad^. 1 ...ad^. (Fi l+1 ), 

1 < i < n,k,l < n — 1, i\ < ... < ik+i which are nonzero. Let us denote by B this 
spanning set. Now, as Q is a simple Lie algebra, its Cartan matrix is indecom- 
posable. That is, for every i and j, we can find a 'path', say i\ = i, ik = j, 
such that ai l i l+1 ^ for each / = l,...,fc — 1. Unless otherwise mentioned, 
we shall always assume that no two indices in a 'path' are chosen equal. De- 
note by r m the subset of i such that we can find a 'path' of length at most m 
from 1 to i, and let B m be the subset of B consisting of those Ei,Fi,Hi and 
[E il , Ei k ], [Fj 1 ,...,Fj t ] with all i p and j q in F„. Choose a linearly independent 
subset B of B as follows. Start with all Ei, Fj, H^s (which are clearly linearly 
independent), then extend this collection to a linearly independent set, say B\, 
which has the same span as that of B\ by adding appropriate elements from B\ . 
Then add further suitable elements from B2 |") B\ to get a linearly independent 
set £>2 with the same span as that of $2- Go on like this to get B — \J m B m , 
which is a basis of Q, with B m = B |"| B m and B m is a basis for Span(B m ) for all 
m. 

We shall use the abbreviation /3t(X) = Ad exp ( t x) = exp(tedx) for X £ Qc- 
Consider the adjoint representation of G which identifies G with a matrix group 
acting on Q. The real C* algebra of real- valued continuous functions C(M)r 
of the adjoint-orbit space M = G/T can be identified with real C*-subalgebra 
of C(G)r generated by the functions of the form f\(g) = A(Ad s (i/i)), where 
A varies over the dual Q' of Q. Let V be the real vector space consisting of 
functions of the form fx, with A £ Q' . We can complexify all the vector spaces 
involved, and observe that Vc will generate C{M) (continuous complex valued 
functions) as a (complex) C* algebra. For X £ B, let X £ Q' denote the 
functional which sends A to 1 and any other element of the basis B to 0. The 
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real- valued functions (i.e. self-adjoint as elements of C(M) C G(G)) fg, Ie6 
can be interptreted as 'coordinates' of the compact homogeneous manifold M. 

Now, as G is simply laced, i.e. each simple root has the same length, it 
follows that the Weyl group acts transitively on the set of simple roots (see, e.g. 
page 53, Lemma C of section 10.4 in [5]), hence it is also transitive on the set 
{Hi, . . . , H n }. From the one-to-one correspondence between Weyl group and 
the inner automorphism of a simple Lie group, it follows that for each i, there 
is gi G Gc such that Ad 3i (Hi) = H t . 

We claim the following. 

Theorem 4.1 The vector space V is quadratically independent. 

The proof will be divided into severel steps. First of all, we need to pass to the 
complex Lie group Gc. 

Lemma 4.2 Consider the natural extension of adjoint action of Gc on Qc, 
and let Vc be the linear subspace spanned by functions of the form f\(g) := 
X(Ad g (Hi)) (g G Gc) in G(Gc). Then the quadratic independence of V is 
equivalent to quadratic independence of Vc ■ 

Proof: 

We already noted that quadratic independence of V and Vc are equivalent. 
Moreover, as f\'s are extensions of f\s, it is clear that quadratic independence of 
Vc will imply that of Vc- To prove the converse, assume that Vc is quadratically 
independent. We have to show that Vc is quadratically independent. Choose 
a basis fx , .. . , f m of Vc; clearly fx, fm are linearly independent and hence 
forms a basis of Vc- If possible, suppose that Cij,i < j are complex numbers 
such that Y^ij Cijfifj — 0- This means for every element X of Q, and t G M, we 
have c ijfi( ex P(tX))fj(exp(tX)) = 0. Now, it is known that z exp(zX) 
is holomorphic, and from this, it can be seen that the above expression with 
t replaced by z G C is holomorphic, so that it must be identically zero for all 
z G C. But then, as Qc is the Lie algebra of the connected Lie group Gc, we 
conclude that J^ij c ijfi(9)fj(9) = f° r au 9 e ^c- By assumption, this implies 
Cij = for all i,j, i.e. Vc is proved to be quadratically independent. □ 

In view of this lemma, we can prove the theorem by showing quadratic 
independence of Vc- Let us first show that the vector space of functions f\ has 
the same dimension as the dimension of Qc- 

Lemma 4.3 The set {/^ : X G £>} is a basis for Vc- 

Proof: 

Supposejcx, X G £>} is a collection of complex numbers such that J2xeB Cx fx = 
0. This means, for every complex numbers ti,...,tk and elememts X±, ...,Xk of 
Qc, we have 

J^cxX (((3 tl (Xx)...p tk (X k )(Hx))) =0. (5) 
x 

We want to deduce cx = for all i by looking at the above for different choices 
of Xx, Xk and equating coefficients of powers of tx, tk s in both sides. 
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Next, let us note the following: 

Pt{E i ){H 1 ) = H l -tauE i , (6) 

t {F i ){H l ) = H l +ta li F i , (7) 

Pt([Ei,[E s ,...,E k ]...])(Hi) = H 1 -(au + a lj + ... + axk)t[E i ,[E j ,... ) E k }...}, (8) 

0t([Fi, [Ej, .., J F )t ]...])( J ff 1 ) =H 1 + (a u + aij + ... + a lk )t[F l , [Fj, ...,F k ]...], (9) 

p s {E l )Pt{F l ){H l ) =Rx- sa u Ei + ta u Fi + sta u H t - sHauEi. (10) 

For i such that an ^ 0, using © in (fc = 1, £j = t), we can conclude that 
c x = for X = i?i and Fj. Similarly, from Q, ©,© and ([XD)l. we get cx = 
for X = Fi, [Ei, [Ej, ...,E k }...], [Fi, ...,F fc ]...] and respectively, i.e. for all 
X £ B\. For a general i, replace H\ in the above expressions by Hi = Ad 9i (Hi) 
and proceed similarly to prove cx = for all I e6. 
□ 

Now, we proceed to the proof of quadratic independence. Suppose {c^x ,Y) — 
c {Y,x), X,Y £ B} are such that J2x y&b c -{x.y)! x!y = 0- We have to show 
that each C(x,y) = 0. For notational convenience, let us extend c^x.y) to B x B 
as a symmetric bilinear form, using the fact that B is a basis for B. The strategy 
is similar to the proof of the previous lemma. Instead of ([5]), we consider 

^c (X)r) X((^ tl (X 1 )...^(X fe ))(ff 1 ))y((/3 tl (X 1 ).../3 tji (X fc ))(ff 1 )) = 0. (11) 

As before, first consider i in Y\, i.e. an ^ 0. Using ([5]) in (jlip with fc = 1, 
ti = i, and equating coefficients of 1,£, £ in both sides, we conclude C(x,y) = 
for 1,7 £ {-Hij F}. In a similar way, we get C(x,y) = for X, Y = Hi, Fi from 
0, and also for Y in Si of the form [Ei, [Ej, ...,E k }..], [Fi, [Fj, ...,F k }...} etc. 
(using ((8]), ®). In particular, note that C(H!,x) — for all X £ B\, hence for 
all X S Bi. 

However, to go further we need some more formulae. First, note that using 
(TTU)) in (fTTj) . and comparing coefficients of s 2 t 2 one gets 

- 2a 2 u c (Ei ^ Fi ) + a\iC {HuHi) = 0, i.e. c (Hl Mi) = 2c( Si)Fi ). (12) 

Similarly, from coefficient of st we get 

C (H 1: HA — a liC(Ei,Fi)- (13) 

Recall that there is g G Gc such that Ad s (i?i) = Hi. Using 

cxy/x(ft(F)Ad 9 ( J ff 1 ))4(/3 t (F)Ad 9 ( J ff 1 )) - 

X,Y 

we get CfHi,Hi) = ^' nence it also follows that cie^fa = = cihx,ba- 

Using these facts in (fTUf and comparing coefficient of s 3 t 2 we get c^i,HA = 0, 
and coefficient of s£ 2 gives c/F it Ht) = 0- 
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Next, we consider i j, i,j G Ti. Then from the equation 

/3 s (Ei)0 t (Fj)(Hi) =H X - sa u Ei + ta^Fj, i ± j. (14) 
we get C(Ei,Fj) = 0- Similarly, considering 

PiiEjPtiEMHi) = H 1 -sa li E i -ta lj E j -sta lj [E i ,E j ]--s 2 ta lj [E i , [E i ,E j ]]+ , 

(15) 

and using the already known facts that cihiAe^e-]) = 0j we see by considering 
coefficient of st that ctEi^A — 0. Similarly, using ct^ ,[Ei,[Ei,Ei]]) — ®i we see 
that the contribution of s 2 t in (fTT|) can only come from the pair Ei, [Ei, Ej], and 
thus C(Ei,[Ei,Ei]) = 0. Looking at coefficient of st 2 , we conclude c^e* ,[Ei,E s ]) = 0- 
We get similar conclusions replacing E's by F's as well. For example, to show 
c ( x,Y) = for X = [E h ,[E i2 ,...,E ih ]...],Y= [F h , [F h , . . . , F jt ] . . .], we must 
look at the following expression: 

p si (E it ) . . . (3 Sk (E ik )p tl (F jl )...f3 tl (Fj, KH,), 

and compare coefficients of s± . . . s^ti . . . t/. We also need to use induction on 
max(fc, I). 

Next, suppose that an = 0, a\j ^ 0, a,, ^ 0, i.e. i £ T2- It is an easy 
computation to get the formula 

/3 u ,(£7 4 ) i 8 4 (%)A(f J )(fri) = H l -{sa lj +-s 2 ta 2 lj )(E j +w[E i ,E j ]+. . .)+ta lj F J +sta lj (H J -a Jl wE l ). 

(16) 

Consider coefficients of stw in (ITT1) . Observe that as j S T±, we have already 
proved that all coefficients of stw involving j, e.g. C(^E i ^E j \,E j ) etc. vanish, leav- 
ing only C(Hi,Ei)- Thus, we conclude that C(Hi,Ei) — 0- Similarly, considering 
coefficients of s 2 t 2 w 2 , st 2 w and s 3 t 2 w we are able to prove that C(£. £.), C(E-,Ei) 
and C(Ej,Ei) (respectively) are zero. 

Let us now prove the general case by induction. Assume the inductive hy- 
pothsis that c^x.y) = for all X, Y belonging to B m ,Bi respectively, with 
max(m,l) < N. Let j e rV+i, Without loss of generality we can assume 
that j does not belong to Fjv (in that case there is nothing to prove), and let 
1 = ji, jn+2 = j being the corresponding path fropm 1 to j (the jVs are 
distinct). We have to consider 

Pw(Ej)@ SN+1 (E jN+1 )/3 tN+1 (Fj N+1 ) . . . /3 S2 (E j2 )f3 t2 (Fj 2 )(Hi). 

A moment's reflection would show that in this expression the only coefficient 
of S2t2---SN+itN+iw is a nonzero constant multiple of Ej. Also, observe that 
coefficients of any term without powers of w, i.e. involving only s p 's and t g 's, 
are linear combinations of elements from B m , m < N. Thus, all coefficients of 
S2---SN+itN+i w m CU except C(H lt EA are of the form C(x.y) for some X, Y in 
\J m<N B m , which vanish by the induction hypothesis. It follows that the only 
nonzero coefficient of S2---SN+±tN + iw in (jlip is a multiple of C(h u e-)i so we get 
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c (h 1 ,e ] ) = 0. Similarly, we conclude C( X ,y) = for X = Hx, Ei,[E t ,[E h , ...]} 
etc. Exactly similar arguments will also work for E's replaced by F's. Next, 
we consider /^(^O^^O^+i^+JA^+iC^n) ■ • ■ As ( E h)& 2 (^)(#i) to 
prove C( E . tF .) = c^H u Hj) = c (h j ,h j ) = °- Now > for * G S m , with m < N , with 
1 = ii, ...,i m+ i = i being a path, we prove C(^ jV p.) = by considering coeffi- 
cient of uw'(n^=2 Sp^pXIIgJ^ 1 s g*g) after substituting the following expression 
in (HI]): 

/3^(^)ft;„(^ m )ft m (^ m ) ■ ■ .p s ' 2 (Ei 2 ) (F i2 )f5 w m0 air+1 (E jtf+1 )(3t N+1 (F jN+1 ) ■ ■ . ^(E^iF^H,). 

(17) 

Note here that, as m < N and j does not belong to L^v, none of the indices z p 's 
can be equal to j, hence Ei , F; 's commute with Ej for all such i p 's. This implies 

that the coefficients of wdl^ 1 s qtq) an d ^'dlpLs s p^p) m tne expression (frT|) 
are nonzero multiples of Ej and respectively. 

We can prove C(x.y) — f° r other X, Y in a similar way, along the lines of 
proof given before for X,Y £ Ti, replacing Hi by elements of the form 

f3 w , (X)p s , m (E im )fc m (F im )... (3 S , 2 (E i2 (F i2 )[3 W (Y)f3 Sn (E jn )/3 tn (F jn ) . . . (3 S2 (E h )p ta (F h ) (Hi), 
and comparing appropriate coefficients. □ 



Corollary 4.4 The conclusion of Theorem \4-l\ remains true if we replace the 
assumption of simplicity of G by semi- simplicity, i.e. if G is assumed to be a 
compact, semisimple, connected, centre-less Lie group which is a direct product 
of simple Lie groups each of which has type A,D or E. 

Proof: 

We have that G is isomorphic as a Lie group to the product G\ x . . . Gf. of simple 
compact connected centreless Lie groups Gi, i = 1, . . . , k. Moreover, each Gi 
is simply laced. Let T{ be a maximal torus of Gi, H\ be a regular element of 
the corresponding Cartan subalgebra of the Lie algebra (say Qi) of G%. We now 
apply Lemma I3~2l with Ai = C(Gi) and Vi to be the space of functions on d/Ti 
of the form g M> A(Ad ff (i?|)), with A G Q[, to conclude that V is quadratically 
independent. □ 

From the above corollary and Theorem 13.31 we immediately conclude the 
following: 

Theorem 4.5 Let G be a compact, semisimple, connected, centreless Lie group 
which is a direct product of simple Lie groups each of which being one of the 
types A, D or E. Let G have the Lie algebra Q , a maximal torus T and a regular 
element H of the Cartan subalgebra corresponding to T. Then any compact 
quantum group acting faithfully on C(G) such that the space V of functions 
of the form g (-> A(Ad s (_ff)),A G Q 1 is left invariant by the action must be 
commutative as a C* algebra. 
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4.2 Quantum actions on Rieffel-deformed C* algebras 



We shall now consider deformation of classical manifolds and quantum group 
actions on them. Let G be as in Theorem 14.51 above and assume that the 
rank n of G is at least 2. We consider the Rieffel-deformation C{M)g using 
the left action of T on M = G/T (see [T3] for the definition and details of 
such deformation), indexed by skew-symmetric n x n matrices 0, which is a 
continuous field of possibly noncommutative C* algebras. 

In a similar way, if a compact group K has an n-toral subgroup T, we 
can consider the Rieffel-Wang deformation C(K)g (see [18], [15]) of C(K) by 
the action of the 2n-dimensional torus T x T on K given by (z,w)g := zgw -1 , 



z, w G T, g G K, and where 6 = 




. This becomes a compact quantum 



group with the same coalgebra structure as C(G). It is known ([2]) that there 
are canonical injective linear maps jg : C°°(M) — > C(M)g such that C°°(M)g := 
jg(C°° (M)) is dense in C(M)g for each 9. There is a canonical action of T, say 
[3, on C(M) e , which is defined by p,(jo(f)) = Je(L z f), L z (f)(g) := f(zg), for 
/ G C°°(M), zeT,geG. 

Definition 4.6 We shall call an action a : C(M)g —> C(M)g ®Q of a compact 
quantum group 'linear' if it leaves invariant the subspace jg(V) C C°°(M)g, 
where V is as in Theorem \4-5\ i.e. the subspace of C°°{M) spanned by functions 
of the form X(Ad g (H)), X G Q' , where H is a regular element of the Cartan 
subalgebra and Q is the Lie algebra of G. 

Theorem 4.7 Let Q be a compact quantum quantum group with a faithful Haar 
state having a faithful and linear action a on C(M)g. Assume furthermore 
that there is a quantum subgroup of Q isomorphic with the n-torus T , with 
the corresponding surjective morphism 7r : Q — > C(T), such that the action 
(id <g) 7r) o a : C(M)g — > C(M)g ® C(T) coincides with the canonical T -action 
P on C(M)g. Then Q must be isomorphic with the Rieffel-Wang deformation 
C(K)g for some compact group K which acts on M . 

Proof: 

Note that (C{M)e)-o = C(M). We conclude from the proof of Theorem 3.11 of 
[4 that there is an action a-o of Q_z on C{M). which is clearly faithful and also 
leaves invariant jo(V) = V. This implies, by Theorem 14.51 that Q_g = C(K) 
for some compact group acting on M. Thus, Q = C(K)§. □ 



Remark 4.8 It may be mentioned that Banica et al have recently obtained (J^) 
some results about nonexistence of genuine quantum group actions on classical 
manifolds by a completely different method, and there may be some overlap of 
examples (e.g. Euclidean 2-sphere) between their work and the present article. 
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